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> Outline of this talk

e 1-D, two-material Lagrangian hydrodynamics
e The closure problem and pressure relaxation

e |nterpretation of the approach of Delov & Sadchikov

and Goncharov & Yanilkin
e Test problem results

e Summary, conclusions, and future work
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= 3P Two-material Lagrangian hydrodynamics
in 1-D still presents open issues.

e Balance laws govern the flow of inviscid, non-heat-conducting,
compressible fluids in the Lagrangian frame:

Momentum: 1o, du + P _ 0 T=1p, P= Pl
dt dx
de, du,
Energy: O, —<+ P —*% = 0 = Mkd8k+Pk de = 0
dt dx

— Mass of each fluid parcel is conserved
— Cell edges evolve with the trajectory equation: dxl./dt = u

* With the 1-D equations, we can:
— Test fundamental algorithms
— Rigorously evaluate algorithm performance quantitatively

* Extensibility to 2-D and material strength are important.
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~
/., We consider a basic Lagrangian predictor-

-
corrector method for pure cells.

" Edge positions: K2 X!+ (0t/2) u'

i
Adiabatic update
Cell volumes: Vl,’”’l/2 _ M2 )2

RS | !
. . n+l/2 _ y/n+1/2 y/
Cell specific vol.: Tl-+1/2 = Vi+1/2 /Mi+1/2

Predictor
A

: n+l/2 _ pn _ n 2 /xn n+1/2/ n
_ Cell pressure: Piip i+1/2 ((Cs,i+1/2) /Ti+1/2) ((SVi+1/2 Vi
" 1 12 12
(" Edge-velocities: u't = M?—,%—ti( Pﬂ/z - P?_Ji/z )
Edge positions: xlf“l = X'+ 0t ( u;l+ ulf”l )/2
S | cCell volumes: yr+l oyl yn+d
u< i+1/2 i+1 I
Q
t . e . n+1 _ n+l
S Cell specific vol.: T = \/l,+1/2/Mi+1/2
) n+l _ con _ [pntl n+l
Cell SIE: 8i+1/2 - 8i+1/2 pi+1/2 6Vi+1/2/Mi+1/2

1 1
N Cell pressure: pin-l'l = P(Sln-l- ,Tin+ )« Full EOS call @ Sandia
National
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~ // Sub-scale model, motivated i
3 /..‘? by Delov & Sadchikov* and ~ —$- —4-

2 I u —> U
Goncharov & Yanilkins... @ | @
intfc
e Assumption #1: oo+ . u++(("_"")7
Interface velocity is = Pr € {____’0_2__{%__2__ TPy
. . intfc ( S
from the linearized P S T Py o
Riemann solver
e Assumption #2: wo=u, = f,u+ f u,
Sub-cell velocity is linear in x R ‘
u fu+fu+:Ap1’2:
——% . = J;u -+ J, U, r ———==
° #l+#2 intfc 271 1772 IrKl i szl

e Materials’ volume

changes are related oVi= (= w)ot , oV,= (u,—u_ )0t
to velocities: SV = £ oV 1(A o) o1

= + 5 K (T e T .

e Together, these imply: Il 2 p1’2/>_>_:;?5’<1 .

oV, = f, oV~ %(Apm/’f) Of ‘'----- 2

* Delov V.I., Sadchikov V.V., VANT (Mathematical Modeling of Physical Processes), 1, pp. 5770 (2005) (in Russian). @ Sandia

SAND10-2932C 3 Goncharoy, E.A., Yanilkin, Yu., VANT (Mathematical Modeling of Physical Processes), 3, pp. 16-30 (2004) (in Russi lN:l}lI;.rg?tI)ries
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-~ 3P The mixed-cell predictoris —¢—L_ 2__
s 'S

. . — u
built upon these relations.  * P @ gp2 2

e Based on these expressions, we update the individual

volume fractions in the mixed cell: )
b v 2
oVIHlZ= B oV L(Ap), / Y (Ot/2) ‘
’ |l( ncn + ncn )I
n+1/2 nel/2 A n s 21 st 0,
OV = B, SV"TIS- L(Ap, [KT) (61/2)

where 5, obey: [+ p, =1, f, =0 (like the volume fraction)

* We update the individual materials’ pressures:

nk)Z/,L_Z) (6‘//?”/2/‘/]?)

pZ+1/2

p; -
e We postulate the corresponding overall mixed-cell pressure:
1/2 1/2 _
prt EG P , 0+6,=1,6=0

P Lap

mix

Weset: O = [ = :
= Be= 1, ) B
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- n+l1 n+l1
, % oV,
.~ _2» The mixed-cell corrector 44— ¢
. . u 81 * — > 82 ’ l/tz
requires further assumptions. &' " @ '@

e Using the results of the previous page, we update several
mixed-cell quantities for each material, including the SIE:

81n+1>x< 1n+1/2 n+1/2 5Vn+1/M 2p1 n+1/2 (Apn+1/2/_n+1/2) (&/M )
8£l+1,>x< ;z+1/2 +1/25Vn+1/M n 2p2+1/2 (A n+1/2/_n+1/2)(5t/M )

. There is a problem: this SIE update is not consistent with
the total work done on the cell, i.e.,

na % n+l)2 n+l
EM de™" # —p; +1/2 dVi 4172

miXx

e This implies total energy is not conserved: not good!

e Can we re-distribute energy to ensure consistency?

Answer: Yes — and one approach is given on the next slides...
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~ &
= We need equations to distribute the internal

energy “discrepancy” and ensure balance.

—”
S

e Let dék be the change in SIE that guarantees consistency:

Consistent 8n+1 = 8”"'1’* +|de Known + Unknown
k k k

* One can show the total internal energy discrepancy is:

n+l/2 _ p;+1/2)2

nel/2 _ 2 (p,
d€ - ;Mk_ (M2 L gen+1/2 Ot @

1 2

e There is a pressure pressure change due to dék— assume it:
(i) is the same for both materials, and
(ii) depends only on the energy (and not on the density):

=~ @= (apl/agl)‘pl de, and = (é)p2/é)€2)‘p2 de
e We can solve the system of equations given by (A) &
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//We obtain solutions to Py P,
+ n+l n+l

: these equations using M L
the other updated values. ' @ '@

Combining (A) and (B) from the previous page, one obtains:

dgn+ 1/2
[m /(dp, | 9, )””] +[m_/(dp, /0e,)p ]

~

dP =

Evaluate the thermodynamic derivatives:
~

[ )
(0"
n+l P 1 n+lgx
- k n+ ,
(ap k / é)gk P, é’gk P k ’Ek
\__ pk y,

Compute dP and use that value to calculate dél and d32
dg, = dP/(ap1 (de)p and  dE, = dP/(ap2 198,)p,

Correct the SIEs and update the pressures:

n+l|_ cn+l* pt n+1 n+1
et |l= g+ + dg,  and - P ) @Sandia
National
Laboratories
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- 2 We compare results of this method (KSR)
with three other approaches.

* Pure Material:
— Use the basic predictor-corrector method with no mixed cell.

— Straightforward algorithm for an idealized problem.
@ No mixed cell assumptions.
@ No mixed cell assumptions.

e Kamm & Shashkov™ (KS):

— Solve a local Riemann problem in the mixed cell.
— Use that to find “optimal” states of each material.
@ Physics-based, good-quality solutions.
(=) More complicated, difficult to extend to 2D & material strength.
* Tiptons:
— Add relaxation term to each pressures, so that they are all equal.
— Exactly solve the resulting equations for the relaxation pressure.
@ Robust, fast, widely used, extended to multi-D & material strength.
@ Rough-and-ready assumptions, fair solutions.

* Kamm, J., Shashkov, M., Comm. Comput. Phys., 7, pp. 927-976 (2010). @ Sandia

SAND10-2932C 5 Shashkov, M., Int. J. Numer. Meth. Fluids, 56, pp. 1497-1504 (2007). ?'a"ggiga'mes
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~ // Kamm & Shashkov (KS) break the

. /-}pressure equilibration assumption of Després*
using the solution to a local Riemann problem.

e Pressure relaxation in the mixed cell reduces to the
solution of a minimization problem in I?H' e’l”l+1, rgﬂ, 53”

min f() — ”Pln+1_p1RP” n ||P2n+1—p§P||

n+l n+l n+l n+l
{ E T, €
1 1 2 2

f
0 = fl — Cl ’L’{H_l + 6'2 T121+1 _ Tn+1
su bJ ect n+1 n+l n+l
to: 0= =cqegt v e — ¢
_ _ oh+l _ on n+l __n
\O f3_ell £1+P1(r11r1)
. [€n+ — ey P (,L.n+ " )]
dl 2 2 22 2 dzb
|1
X X p%

Imix

Imixt1 Imix Imix Sandia
*Després, B., Lagoutiére, F., Prog. Comput. Fluid Dyn. 7, pp. 295-310 (2007). @ National
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~ 3P Tipton’s method is a widely used, robust
multi-material, pressure relaxation for multi-D.

e Assumption #1: Predictor pressure based on adiabatic update:
P,’j*l/z =D} - (csZ]z/rZ (Wé”l/z Vl:l)

Unknown

* Assumption #2: There is a relaxation term added to each
material’s pressure, so that these sums are all equal:

Unknown

pr+l2 4R | =|pr+1i2

oy (7R s (sun+1/2] fn)
where R, = cs, /rk) LL /6IJ L(‘SVI:’ Vl?)

* Assumption #3: Volume changes add up correctly:
n+l1/2| _ yn+1/2
Z 5Vk =V

V]?”/z in closed form.

* One can solve for pn+1/2 and 0

* The second step of a two-step time-integrator uses
this information to obtain the final updated values. @ Sandia

National
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We examine the results of this method
on standard test problems.

e The test problems were run similarly:

— N, zoneson Xpin S X <Xpax With AX; =, £ iy

— One mixed cell for [ =i, with Ax; =25
mix
Mixed £ 55551555
X, X X. I X.
1 2 i’mix | i’mix+1
< ﬂ >l i
Pure
X X X. X. X. X X
1 2 Imix  ‘mix*t {mix*2 Ny+1""Ny+2
— The fictitious mixed-cell interface is — We compare these results with
at the center of mixed cell of width pure-material calculations that
2h, with no explicit mass-matching have the actual interface

e Graphical results for the test problems include:
— “Snapshots”: fixed-in-time, spatial solution, on the whole mesh

Sandia
sanptozes2c — Histories”: fixed-in-space, temporal solution, in the mixed cell @ l";gggg".es



R A
?‘ The results for the modified Sod shock tube
indicate that this approach is reasonable.

1.2

Density

0

100 cells

o - N w S (&) [}

SAND10-2932C
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e Modified Sod problem initial conditions:
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?‘ Mixed cell histories for the modified Sod problem

exhibit some differences among the various methods.

100 cells KSR Pure KS Tipton
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A water-air shock tube® is a de facto
standard test for multimaterial hydro solvers.

e \Water-air shock tube initial conditions:
(1.e+3,1.e+9,0.0,4.4,6.e+8), 0<x<0.7
(5.e+1,1.e+6,0.0,1.4,0.0), 0.7<x<1.0

P = ()/ _ije_ypoo

(psp7u1y 1poo) = tﬁnal = 2_2e—4

SAND10-2932C
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The KSR approach on the water-air shock
tube has both good and bad qualities.
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 :
A/_, A shock problem of YVang et al.* is more
hallenging and highlights “features” of these models.
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(—~ — =\
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The KSR approach on the Wang et al. shock
tube has both good and bad qualities.

200 cells

5x10*

KSR

4x10*

ﬁ__

0
2x10% 0 2x10* 4x10* 6x10™* 8x10*

, Time
1x10
108
W o Material 1
n Material 2
10t
10°
2x10% 0 2x10* 4x10* ex10* 8x10™
1 Time
. 08
(@)
(O os H,0
L .
. 04 Air
égoz

0
2x10% 0 2x10* 4x10* ex10* 8x10™

SAND10-2932C Time

5x10*

4x10*

3x10*

2x10*

1x10*

0
-2x10

1x10”

1x10°

1x10°

1x10*

1x10°

-2x10

0.8

0.6

0.4

0.2

Pure

y

0 2x10“ 4x10* ex10* 8x10™

Time

0 2x10* 4x10* ex10* 8x10™

Time

0 3x10%  5x10*  saerd?

Time

KS

5x10*
4x10*
3x10*
2x10*

1x10*

|

0
2x10% 0 2x10* 4x10* ex10* 8x10*
Time

1x107
1x10°
1x10°

1x10* jj

1x10°
2x10% 0 2x10* 4x10* ex10* 8x10*

Time

1
0.8
0.6
0.4

0.2

2x10* 4x10* 6x10™ 8x10™

Time

0
-2x10*

Tipton

5x10*

4x10*

3x10*

2x10*

1x10*

0

-2x10* x10™* 4x10™* 6x10™ 8x10™

Time

1x10”
1x10° "
1x10°
1x10*

1x10°
2x10* 0 2x10* 4x10* ex10* 8x10*

1 Time
0.8
0.6
0.4

0.2

0
2x10* 0 2x10* 4x10™ ex10* 8x10™

ia
nal

. ] II-lI.IJ
Time w Laboratories



| Summary, conclusions, and future work...

The mixed-cell problem for Lagrangian hydrodynamics remains open.
e A model inspired by Delov & Sadchikov and Goncharov & Yanilkin:
— Uses a linearized Riemann solver for the interface velocity
— Predicts the SIE with a simple but non-conservative model
— Corrects the SIE to ensure that the updated p dV work is consistent
— Ensures that the final thermodynamic state is consistent
e This model has plusses and minuses:
@ Fast, simple, good-quality solutions
Extension to 2D requires pair-wise, directional interactions: Harrison et al.*
@”Funny" SIE; strength: not obvious, but (hopefully) do-able
e Rigorous evaluation against different methods on test problems:
— Both qualitative and quantitative evaluation is necessary

— We must conduct more tests (small volume fractions)

e Extend this method to account, e.g., for material strength and voids.
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* See also: Kamm, J., Shashkov, M., Fung, J., Harrison, A., Canfield, T., Int. J. Numer. Meth. Fluids., in press (2010). Sandia
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